Pfister’s Work on Sums of Squares

A.R. Rajwade

Historically the theory of quadratic forms was regarded as a topic in number theory.
However, Witt's paper “Theorie der quadratischen Formen in beliebigen Korpern™ of
1937(15] opened up a new chapter in the theory: that of combining the number theoretic
aspect with the algebraic development, by the creation of the famous Witt ring.

Then triggered off by Cassel’s paper “On the representation of rational functions as sums
of squares™ of 1964[4], Albrecht Pfister, about 1966, come up with his celebrated structure
theorems, giving birth to a purely algebraic theory of quadratic forms. Special cases of
arithmetical aspect of Pfister’s theory are his beautiful results about sums of squares and
Pfister forms.

Our object here is to give a brief exposition of Pfister’s work on sums of squares and
related topics, one of the most beautiful and self contained set of results in any field (pun
intended).

So let K be a field. We make the following

Definition 1. The smallestinteger s = s(K') for which the equation —1 = al2 -+ a% 4+ -4
af (a;j € K) is solvable, is called the Stufe (often referred to as level) of K. If the equation
has no solution, we put s = o0 and call K formally real.

In 1932, Van der Waerden had posed the problem of enquiring which numbers can occur
as Stufe. For example 3 can never occur as Stufe. Indeed if —1 = x24+y%+22(x, v, z € K),
then 0 = 1 + x2 + y2 + z2. Multiplying by 1 + x2 gives

0 = (1+x)2+ 14+ +D (a)
= (1+x)2+(y+x2)2 + (2 — xy)? (b)

Now 1 + x2 # 0, otherwise Stufe K = 1. Hence (b) gives
i . y+xz 2+ z—Xxy 2
T\ 1+ x2 1+ x2
showing s(K) # 3.

It may similarly be shown that no odd number can be the Stufe of any field, but can 6 or
10 or 12 be the Stufe of a suitable field? We shall have to experiment with various fields
and then make a conjecture. The rationals Q and the reals R, being formally real, are of no
use, the complexes C provide a trivial example: —1 = 2 giving s(C) = 1. So let us look
at the imaginary quadratic fields. Indeed we have the following
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Theorem 1. Let D > 0 be a square free integer; then the Stufe s(K) of K = Q (v/—D) is

1 ifD=1,
2 ifD#8b+7,
4 ifD=8b+7.

If D < 0, then X is of course formally real.

Proof: [12]. Writing D = a’+b*+c2+d? a,b,c,d, € Z, we see that 0 = («./—D)2 -+
a? + b% + ¢? + d?, giving s(K) < 4. Now s(K) = 1 if and only if /=1 € K and this
happens only in the case D = 1. If D # 7 (mod 8), then D is a sum of three squares and
s00 = (V=D)% +a? + b% + 2, giving s(K) < 3. But we have already seen that s cannot
be 3, hence s(K) = 2, the case s = 1 being fully cleared.

Finally let D = 7 (mod 8). If s(K) were < 4, then it would be equal to 2, i.e.

—1 = (a1 + biv/=D)* + (a2 + b/=D)?, a1, by, a2, by, € Q.

Here, without loss of generality, we may suppose that b # 0. Equating reals and
imaginaries, we get the following two equations:

ai +aj — D(b} + b3) = —1

a\by +ab2 =0
: _ (a2y2 bl 2 2 . 3 .
Theseimply D = (b-ll) +(me5) +b(#) . Thus D is a sum of 3 rational squares which
| 2 1 2
is a contradiction since D = 7 (mod 8). Thus s(K') not be less than 4 as required. O

Let us next look at all the finite fields. We have the following easy

Theorem 2. Let F; be the finite field of g = p* elements, then

(F,) = 1 ifeitherp:ZorpEl(4).0rps3(4),2|a.
54 =1 2 otherwise ie. if p=3(4),2 fe.
Proof: First let p = 2. Then —1 = 1 = 12 giving s(F§) = 1

Next if p = 1(4), then (_?') = lie. —1 = x? is solvable in Fp, C Fpe (forall @). So
s(Fp) = 1.

Letnow p = 3(4). Let A= { -1 - X?|X = 1,2,..., 21,0} and B = {¥2|Y =
1,2,..., J*";—'.{}].A.B,C Fp.Then|A| = |B| = f%l- Hence oy the pigeon hole principle,
there exist Xo, Yo € F) such that Yg' =—1- Xg, ie. =1 = X% + Yg in F,,. But —1 is not
a square in F), since p = 3(4). It follows that s(F),) = 2 if p = 3(4).

Now F2 = F,(+/=T) and here —1 = (v=T)% s0 s(Fj2) = 1. But Fja D F if 2|e,
s0 Fpa has Stufe 1 if 2|a.

If s(Fpe) = 1 even for2 Aa, then —1 = X2 is solvable in Fpa(2 f @), so Fpe D
Fp(X) = Fp(/=1) = F,2 which is false since 2 . Hence s(Fpo) =2if2 fa. O

That more or less exhausts all the easy fields using elementary methods. Even allowing
the Hasse-Minkowski theorem all those algebraic number fields K for which s(K) exists
finite can be dealt with in a single go. The exact result is the following:
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Theorem A. Let K = Q(«) be an algebraic number field with [K:Q]= n finite. Then s(K)
exists finite iff K is totally complex (i.e. all the zeros of irr («, Q) are non-real) and then
s(K) <4i.e. equals 1,2 or 4, because we have seen that Stufe can not be 3 and in fact

1 iffie KGi=+/—1)

shk)= l4 iffi ¢ K and for all primes y|2, the local degree [Ky : Q2] is odd.

For a proof see [13], p 261.
We see that experimentation is not easy and so it was all the more surprising, when Pfister
proved the following beautiful

Theorem 3. ‘For any field K, the Stufe s(K), if finite, is always a power of 2. Conversely,
every power of 2 is the Stufe of some field K.

We shall give a proof of this result in the sequel. In showing that 3 cannot occur as
Stufe, the transition from equation (a) to (b) (see before theorem 1) is the crucial step in the
process. We have, more generally, the curious looking identity.

(X3 + X3)(Y2 4 1) = (X1Y) — X2¥2)? + (X1 V2 + Xa¥))? (1)

which tells its that a product of two sums of two squares is itself a sum of two squares.
Known to the Greeks, (1) is equivalent to the statement, The norm of the product of two
complex numbers Z,, Z3, is the product of their norms:

2122 = |2:[| 22 (')

for writing Z), = X, +iX2,Z = Y, +iYs, wesee that Z,.Z; = (XY — X212) +
i(X1Y2 4 Y2X3) and so (1) and (1’) are the same.

This identity (1) enables us to prove another curious result:

For any field K, the set G2(K) = {a € K*|a = x% + ¥, x, y, € K is a multiplicative
group.

For, the closure property is the identity (1) while if

() eonm

1
a=x*+y? € Go(K), then — = _“E
a a

The following striking identity was already known to Euler in 1770 and he used it to
prove Lagrange’s theorem that every positive integer is a sum of four squares.

X+ X2+ X2+ XH(VP+ R4+ V3+YH = (Z3+ 22+ 23+2) (@
where
Z, =X 1Y) - X2Y — X3Y; — X4Yy
Z; = X1+ XoY) + X3Ys — X413
Zy = X Y3 + X3Y), — XoYs + X4Y>
Zs = X1 Y+ XaY) + X2¥3 — X312
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The discovery of quaternions by William Hamilton, in 1843, brought out the real significance
of the identity (2) in as much as (2) is simply the fact that the norm of a product of two
quaternions is equal to the product of their norms.

Almost immediately after Hamilton’s discovery of the quaternions, Arthur Cayley, in
1845 discovered the octonions (the Cayley numbers) which give rise to the incredible
looking identity

X} + -+ XD+ + YD =20+ + 2} 3)
where

Z, = X1Y) — X2 — X3Y3 — X4Ya — XsYs — Xe¢¥Y6 — X7Y7 — X3Y3,
Z; = X\Ya+ XoY ) + X3Ys — X4Y3 + XsYe — Xe¥s — X7Yg + XgY7,
Zy = X\Ya+ X3Y) — XoVa + X4Yo + XsY7 — X7Ys + Xeg¥Ys — X3 ¥e,
Zy = X)1Ya+ XaY1 + X2Y3 — X3Y2 + Xs¥g — Xg¥s — Xe¥V7 + X7¥6,
Zs = XiYs+ XsY| — Xo¥e + XeY2 — X3Y7 + X7Y3 — X4¥Vg + XgYa,
Ze = X1Yo+ XY + Xo¥s — XsY2 — X3Yg + XgY3 + X4¥7 — X7Y4,
Z7 = X174+ X7V + XoYs — XgYo + X3Ys — XsY3 — X4Ye + X6Ys,
Zy = X1 Ys+ XgY) — XoY7 4+ X7Y2 + X3Ye — Xe¥3 + X4Ys — XsY4.

Although the identity emerges most naturally from Cayley numbers, it was discovered
nearly a quarter of a century earlier by C.F. Degan (1822) with minor sign differences.

Degan stated (erroneously of course) that there is a like formula for 2" squares. For the
case of 16 squares, he gave the literal parts of the 16 bilinear functions Z;, Z3, ..., Z)¢ but
left most of the signs undetermined, saying that the only difficulty is the prolixity of the
ambiguities of signs.

Degan was also aware of the 2— and 4— variable Pfister forms Xf - aX% and Xf +
aX% 4 b(X_% + aXf) both of which satisfy identities similar to (1) and (2).

As before, if we define

G4={aEK‘|a=x%+---+x§.x_.-e K)

and Gy similarly, then it follows from (2) and (3) respectively that G4 and Gg are groups
under multiplication, so that we have the chain of inclusions

K* £6, €64 EGrE K"

A great many unsuccessful attempts followed Degan’s discovery of (3), to extend formulae
(1), (2) and (3) to a similar 16 term identity, and many workers, realizing the impossibility of
such an extension, tried giving convincing arguments to prove the impossibility. Hamilton’s
and Cayley's discoveries had reduced the problem to the determination of the so-called
normed algebras over the real numbers R; the four known ones being R (of dimension 1),
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the complex numbers C (of dimension 2), the quaternions H (of dimension 4) and the
octonions O (of dimension 8). It is an astonishing observation how the axioms of the
ordered field R gradually drop off as we move up these higher dimensional hypercomplex
systems: C is, no doubt a field, commutative and associative (under multiplication) and
a division ring, but the order property is lost. H is only an associative division ring; thus
commutativity, and order are both lost. Finally O is not even associative-it is merely a
division ring; thus commutativity, associativity and order are all lost.

The half century following the discovery of these quaternions and octonions then saw
many attempts to find a 16-dimensional hypercomplex system over the reals and several
erroneous affirmations were given. Finally in 1898, Hurwitz [6] gave a decisive solution to
the problem about the dimensionality of all possible normed algebras over R and so also
about the possible values of n for which there is an identity of the type (3) with n terms.
More precisely we have the following.

Theorem 4 (Hurwitz-1898). Let K be a field with char K # 2. The only values of n for
which there is an identity of the type

X34+ XHYP 4+ +YH=224...4+ 22 (4)
where the Zy are bilinear functions of the X and the Y, coefficientsin K aren = 1, 2,4, 8.

Actually Hurwitz proved this only over C but his proof generalizes to any field K with
char K # 2. We give here a proof given by Dickson in his beautiful expository paper [5]
of 1919. A proof using normed algebras can be found in A.A. Albert’s Studies in Modern
Algebra [2].

Proof: (Dickson). The idea is to convert (4) into a system of matrix equations. The
bilinearity condition on the Z; can be written as

2 le aiz -+ Qn 2
_ | a1 an axn 2 1 d¥
Z. anl an2 Qnn Y,
where tﬁe a;; are linear functions of X, X, ..., X,. Then (4) becomes
Y Z,
X} +--+ XD, -, ) 1:2 I = Zi.sZa) | | | =SYAAY,
Y, Zn
ie. 5

6
Y Ya, o Y3+ X3+ + XD L —AAl| | =0,
Yn
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and since this is true for all Yy, Y3, ..., ¥,, it follows that

AA= X3+ -+ X, @)
Now
an a2 -
A=\an an -
B Xy + 0P Xy -+, bEV X + b8P %, -
= | 5 X+ 657X+ bR Xy + 5P X
= AiX1+A2X2+ -+ ApXp  say
By (a),

(AX1+A X2+ -+ A X)) (A1 X1+ A2Xa + -+ ApXy)
— (X% + X% + - 4 Xﬁ)ln-

Since this is true for all X ;, we have

(1) A}AJ- = Lilf= b Ziwii v n), hence also AJ-A’;. = i
(2) AjAk+ A A =0,1<jk=<n j#k

Conversely, the existence of such a system implies that (4) holds with Z; bilinear in the X;
and the Y;. Note also that if n = 1, (2) is vacuous, and (1) can be trivially satisfied so we
may suppose n > 1.

Now let B; = A:,A,-(:' =1,2,...,n—1). The B’s are easily seen to satisfy

(1) B{B; =1,
2) B/+B; =0 (i,j=12,...,n—1)
(3) B/Bj+ BB =0 (i # )

Hence we have

(i) B =—-Bi(i=1,2,...,n—1)i.ec.the B;
are skew — symmetric matrices b)
(i) B2=—-I(i=12,...,n—1) (
(ii1) B,‘B}‘=—BJ'B,'. Lhj=12,....n—1 1i#].

It follows that |B;| = |B;l = | — Bj| = (=1)"|B;|, and since |B;| # 0 we must have n
even. Hence
Proposition 1. There is no identity of the type (4) if n(> 1) is odd.

In future, therefore, we suppose n to be even. Now consider the following set G of n x n

matrices:
II, B"I. B” B'2| Bil BIZBL‘| “ ey Bl.l B,'z, veey Bin—2

and B|By,...,B,—1(iy <n,iy <iz <n,...)}\.
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Here B;, takes n — | values viz. By, By, ..., B,_;, while B; B;, takes ("5]) values viz.
n—

B B>, B B, ... etc. So altogether there are 1 + ("T]) 4 oo (::::) = 2" elements in
thesetG. Let G = B;, Bj,, ..., B, € G. Then we have

Lemma 1. G is symmetric if r = 0 or 3 modulo 4, and skew-symmetric ifr = 1 or 2
modulo 4.
Proof:
G = B;,""'B{: =(-1)'B,,,..., B;
= (=1)"(=)"""'B;(Bi,..., Bj)

by (iii) of (b) to commute B;, successively with Bj,, ..., B;,,

= (=1)'(=)"""(=1)"2B;\ Biy(Bi,. ..., Biy)

and so on

= (=)' (-1)"'...(=)*(=1)B;,Bi,..... B,

— (_l)l+2+---+rG
= (=1)+h2g

_ G ifr=0,23,(4)
|-G ifr=1,2,(4)

O

Lemma 2. Let M € G. Then the set MG = {MG|G € G} is simply a permutation of G
with each term prefixed with either +1 or —1.

Proof: The result is clear if the multiplier M is B), since then the product will contain or
lack B, according as the multiplicand of G lacks or contains B, (use again (b)).

If the multiplier is By, we first replace B| B>, ..., wherever it appears, by BB, ...,
and see that the former argument applies.

After thus proving our statement when the multiplier is any B;, we see that it holds when

the multiplier is any product of the B’s. a
An Example: n = 4.
G =1{l, By, By, B3, B\ By, B, B3, B B3, B B2 B3}.
Then
B3G = (B3, B3B\, B3By, B}, B3B\ By, B3B;B3, B3B\ B3, B3B By B3}.
= (B3, —B\B3, —ByB3, -1, B\ By B3, B2, By, — B\ B2}

Our aim is now the following.

Proposition 2. At least half of the elements of G are linearly independent.

With this in view, we look for any linear relations thai can exist amongst the elements

of G.
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Definition: A relation A|G| +2;G2+ -+ A;G; =0,Gj € G,Aj € R,or R = 0 for
short, is called irreducible if itis not possible to express R as R} + Rz, where Ry =0, R, =0
represent two linear relations that hold between the subsets R| and R; of R with RiNR; = B,
i.e. there are no matrices common to R; and R;.

We have the following.

Lemma 3. An irreducible relation R = 0 cannot involve both symmetric and skew-
symmetric matrices.

Proof: Let M) be the subset of all symmetric matrices in R and M the set of all skew-

symmetric matrices in R. Then M, + M, = 0, i.e. M} = —M;,. Hence M) = M| =
—M; = My, ie. M) = M;. It follows that M; = 0, M, = 0 which contradicts the
irreducibility of R = 0. O

Now let R = 0 be any irreducible relation between the matrices of G. By multiplying
R by a suitable AG (A € R, G € G) we get a new relation T = 0, one term of which is /
and all the remaining terms are products of matrices of G by real constants. For suppose
uG (u € R,G € G) isaterm in R which we wish should become [/ in the relation T = 0.
One just multiplies R = 0 by &+ =!G~ and notes that one of + G~! € G.

For example if 4 B; B3 is one term of R, then on multiplying R = 0 by

—%(8283)“ = —%B;‘B;‘ = —%(—33)(—32) = —%3332 = %B:B;.
we get what is required.

This new relation T = O is also irreducible, forif T = O were tosplitas T} =0, 7> =0,
then since T = AGR we have A='G~'T = R and so R = O splits as A~'G~'T} =
0,2~'G~'T» = 0, which gives a contradiction.

Hence we may suppose that T = 0 looks like

I = ZG.;;;‘; Bi, Bi, Bi, + Zdilighi.; B Bi,Bi;Bi, + - - (%)

where by Lemma 3, each of the matrices B;, Bj, Bi,. Bi, Bi, Bi, Bi,, etc. is symmetric since
I is symmetric. That is why no singleton B; nor any of the products B; B; of two B’s can
be involved in (*) since B; and B; B; are skew-symmetric by Lemma 1.

Now multiply (x) throughout on the right by B; to obtain an irreducible relation which
then involves only skew-symmetric matrices since one term (on the left side) is the skew-
symmetric matrix B;. But by Lemma 1, B;, Bj, B;, B;, is symmetric. So all the c; are 0 if
only i is distinct from i izi3. Since i may have any value < n — 1, we see that each ¢ is 0
unless n — 1 = 3 for then i cannot be chosen different from iy, i3, i3.

Next we show that all the d’s are 0 too; for multiply (x) by B;, and it becomes

B, = Zdilizigf.;BMBf. B,Bi;Bj, +---
But B;, B;, B, Bi,Bi;, = (—1)*B; B;,B;,B} = Bj, Bi,Biy. So (%) becomes
Bl'4 = Z:dilfzhh Bi[ Biz Bi] y e
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Here B;, Bj, B;, is symmetric, while B;, is skew-symmetric (by Lemma 1). It follows that
all the d’s are 0 too.

The method used in proving ¢ = 0 applies when the number r of factorsin B;, Bis., ..., B,
is = 3(4) and r < n — 1. Similarly the method used in proving d = 0 also applies when
r = 0(4).

Hence if our relation exists, it has the form
I =kB\B,,..., B,

the right hand term being the only survivor. Now I is symmetric so B B3, ..., B, is
symmetrici.e. n — 1 =0or3(4),butnisevenson — 1 = 3(4) i.e. n = 0(4)
We have thus proved the following.

If an irreducible relation between the elements
of G does exist, thenn = 0(4).

Now square this relation to get

I = k*B\B,,..., B,_1B\Bs, ..., By_i

= sssrasssssrEaews

= KX (=1)3n-Dnp,
Since n = 0(4), we see that k2 = 1 i.e. k = £1. Hence we have the following.
Lemma 4. If n = 2(4) then the 2"~ matrices of G are linearly independent, while for
n = 0(4), they are either linearly independent or are connected by the relations which arise

from the relation I = B\ B>, ..., B,_| through multiplication by the various elements of
G, but are connected by no further irreducible linear relations.

Example: letn = 4. Then
G ={lI, B\, By, B3, B\ By, By B3, B B3, B| B2 B3}

and these eight matrices are either linearly independent or are connected by the following
four irreducible linear relations and no others:

I =+ B\ B3B3, B\ = F B2B3, B, =+ B B3, B3 = F B B;.

These express By B2 B3, B2 B3, B B3, B| B; linearly in terms of I, By, B;, B3; so that these
latter matrices are, in any case, linearly independent.
Now consider all the irreducible linear relations that exist between the element of G. As

we have seen, they are all of the type
G-I=4+G-BB...., B,-1(G € G)

and no others. Now reduce the right side of this using (b). Then one of G or the reduced
right side obviously contains fewer than half of the B’s while the other contains more than

half of the B’s.
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Thus these irreducible linear relations merely serve to express the products containing
more than half of the B’s in terms of those with less than half of the B’s.

So in every case (i.e. irrespective of whether n = 0 or 2 (mod 4)) the 2"=2 matrices of
G, which are products of less than ”—;—IB'S, are linearly independent. Hence for all values
of n (necessarily even) if there is to be an identity of the type (4), the 2"~2 matrices of G
consisting of the product of at most %B's are linearly independent.

This completes the proof of Proposition 2. O

We can now give a proof of our main result.

The elements of G are all n x n matrices and the maximum number of linearly independent
n x n matrices is n since they form, over the reals, a vector space of dimension n2. Hence
by the proposition we get

2"-2 < p2,

This is satisfied if n < 8 but fails if n = 10. Now if it fails for n = m, then it fails for
n = m + 1 for we have

2m+1=2 — 2.2m=2 o 3. m2 (since the relation fails for m)
> (m+ 1)%ifm > 3.

It follows that if an identity of the type (4) exists, thenn < 8 (and n iseven). Forn = 2,4, 8
we already have the required type of identities. It remains to dispose off the case n = 6.
Suppose an identity exists for n = 6. Then since 6 = 2(4), we see that

the 2° matrices of G are linearly independent. (i)

Of these 32 matrices, 16 are skew-symmetric by Lemma 1, viz. the ones that are products
of 1,2 or5 B's. But

between any 16 skew-symmetric 6 x 6 matrices (ii)
there exists a linear relation.

This is because the 15 matrices

............................

with a 1 in the one place above the main diagonal, —1 in the corresponding place below,
and 0’s elsewhere, form a basis for the subspace of all 6 x 6 skew-symmetric matrices and
so this subspace has dimension 15. This proves (ii).
(1) and (ii) above are contradictory. Hence no identity of type (4) can exist for n = 6.
That at last completes the proof of Hurwitz’s theorem. O

Remark: The proof works for any field K of characteristic # 2.

Although the impossibility of the identity (4) for n # 1, 2, 4, 8 has been proved, it was
under the stringent restriction that the Z; are bilinear polynomials in the X; and the Y;. One
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could look into the possibility of the existance of other values of n for which (4) holds, if
we relax this bilinear condition and allow the Z; to be more general polynomials in the X;
and the ¥;. However, in 1966, Frank Adams [1] showed that when 7 is not 1, 2, 4, 8, there
are no identities of the type (4) even if the Z; are allowed to be any bi-skew, continuous
functions of the X; and the Y; (where a mapping f : K" x K° — K" is called bi-skew if

f(=x,y) = f(x,—y)=—f(x,y)forallx € K", y € K*).

It was thus totally unexpected when in 1965, Albrecht Pfister [10] proved the following
remarkable.

Theorem 5. Let K be a field and let n = 2™ be a power of 2. Then there are identities.
6, ¢ M— + X4 +YY=Z 4 ernnn +Z2 (5)

where the Zy are linear functions of the Y; with coefficients in K(X, ..., Xp): Zy =
Ej Tyj - YjwithTy; € K(Xy, ..., Xn).

Conversely suppose n is not a power of 2. Then there is a field K such that there is
no identity (S5) with the Z, € K(X1,...,Xn, Yi,...,Yn). Here the Z; are not even
demanded to be linear in the Y.

We shall now give proofs of theorems 3 and 5. In the process we shall get other results
which are interesting in their own right.

The proof cf the first part of theorem 5 requires no elaborate algebraic machinery and is,
indeed, remarkably simple. We dispose of it first.

Proof of the first part of theorem 5: We use induction on m. We know that (5) holds for
m =1,2,3 (see (1), (2), (3)). Suppose it holds for m. Write T = (T;;) so that

VA Y\
V4 Yy
=T . (i)
Zﬂ Yn
Then (5) can be written as
Y
X4+ XY+ + V)= (X 4+ XN, ..., Ya) ]| :
Yy
VA
=(Z}+-+ZD=(Z1.....Zo)| :
le
Y,
=W, ....Y)T'T| : |, by(ie.
Yy
Y Y
X+ X0, Y| | =, Y)T'T | =0

Yn YH
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or
Yoo YN+ -+ XL, -T'TY| - | = 0.

Since this is true for all Yy, ..., ¥,, we must have
TT = (X} +--- + X)),

andsoalso T'T = (X|2 4+ -+ Xﬁ)l,,. T being orthogonal.
We now prove (5) for 2™*! = 2n. Write

(X1, ..., X22) = (XD, X@)

where XV = (X,..., X,) and X® = (X,41,..., X2,). By the induction hypothe-
sis there exist two matrices T, T@ say, corresponding to X, X@ respectively
such that

(X% o 5 wunde Xﬁ)f,, = x(l)x(ll']ﬂ — 77 — () ()
and (i1)
(X2, + -+ X2 )1, = XOX@'[, = TOTA = TA'T?

and we wish to show that there exists a matrix T say, such that
lr _ ry2 2 2 2
TT=X{+---+X;,+ X+ -+ X3,) 2. (iii)

(1 (2)
Try T = (;(2) ; )-a partitional matrix, where X will be determined by (iii).

We have
: M 7@ T T@)
() )

and using block multiplication of matrices this equals

T 7 L 7Q'TQ T TQ 4 7@ )
( TO'TOH £ X'T@  TA'TAD 4 X'X )

((Xf+---+x§+x§+l+—--+X§,,)I,. A)
B c

say; we want to choose X so that A = B =0 and

C=(X{+ 4+ Xa+Xup +-+ X3
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To make A = O we have to have X = —T@'"~ T(V'T®_ This automatically makes
B = 0 (just check). Now it seems too much to expect C to be what we want. But we have
C = T 7O L 7@ 707 ™" 7@ () 7@
= (Xr?-H Fooee 4 X%,,)In + (X§+l - X%ﬂ)‘l T 7T 72
= Xppr+-+ X3+ (Xayy +---+ X3,
(X3 o5 £ XHT 7D
= (X,fH +o - X3+ (X5 + -+ XD,
= (X34 +X2+X2  + -+ X3
This completes the proof of the first part of Theorem S. O

We now come to a result of Cassels [4], which, in a way, was the starting point of this
whole business and which is an indispensible tool in our further developments.

Cassels’ Lemma (1964). Ler f(X) € K(X) be a polynomial with coefficients in K. If
f(X) is a sum of n squares of elements of the field K(X), then it is a sum of n squares of

elements of the ring K[X].

Note: What is new in this enunciation is that the same number n of squares suffice in K[X];
without this condition, the result had been proved by Artin [3].

Proof: There are three trivial cases of the lemma which we dispose of first.

(i) n = 1. Then f(X) = (p(X)lg(X))?% so g(X)|p(X).
(ii) char K = 2. Then a? + b% = (a + b)? and so if

FX)=y2(X)+ -+ p2(X)

then combining two squares at a time into one, f(X) reduces to a single square, i.e.

we land up in case (i).
(iii) —1is a sum of n — 1 squares of elements in K.

Say —1 =b%+---+bﬁ_|. Then for any f(X), we have
_(f+1) (-1
o = (57)- ()
_ (f1Y (f - DY ( (f - DY
- (L) +(0L52) ++ (05 )

a sum of n squares of elements of K[X].
So now let us suppose none of these three cases holds and let

FX) = (prX)/q1(X) + -+ (pa(X)/gn(X))*.
Dropping the X from now on and clearing the denominators, this gives

fZ*=Y+..-+Y%, Z,1,....Y, € K[X].Z #0.
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Thus the equation
fZ=Y 4ttt ()
has a solution (Z, Yy, ..., ¥,) with Z # 0 and we have to show that there exists a solution
of (a) with Z € K(Z # 0), i.e. with degree of Z (in X) = 0. Now since (a) has a solution
with Z # 0, so there is a solution, call it (£, n1, ..., np), with £ # O for which deg { is as
small as possible:
fed=nt+--+np. (b)
We shall show that this degree is O i.e. that { € K, by showing that if not, then there exists
a solution, say (£*, n{, ..., n,;) with £* # 0 and deg {* < deg ¢.
So suppose deg ¢ > 0. By the division a! >rithm in K[X], we can write, for j =
1,2,...,nm,

nj=A;8+v;
where either y; =0ordeg y; <deg¢.ie.
nilt =Aj+vilE =rj+Aj, (©

say. Note that not all the y; can be zero, otherwise { divides all the n; so that (b) becomes
fie= lf + -4 lg -a contradiction, since the degree of { was least possible.

Now let
= IZA? —f] -2 {Zlm; - fc]
and ‘ l
n; =nj lzlf—fl — 24 lzlim —f&'l-
Then visibly, all of £*, n*, ..., r;,'; € K[X]. We now claim

(i) that (£*, ny, ..., np) is a solution of (a),
(i) ¢* #0and
(ii1) deg ¢* < deg¢.

This would then contradict the definition of { and so would prove the lemma.
2 2
We prove (i) by brute force: we must show that ) i r}} — f¢* =0i.e. that

P #fm-of sosfpan-nf
o (5| [
r|e o] g

ez ]
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Here the first terms from both sides cancel since ) _ nf; = f¢? and it remains to prove that
4[2%"?; —fl,’] (Zlmf —fé’)zlﬁ = (Zl.-z—f) Y Ajnj
i i J
- (Zx,-m —fc)f+ (x-7) +f;] =0

Here the expression in square brackets just cancels out.
To prove (ii) and (iii) we substitute for A ; from (c) in {*. Then

- = C(Z(?—'§+Af—2n2m)—f)—2(2(%—1\;};;—%)

i i

C(AZ4 -+ A2) (using fE2=n?+---+n?)

ey VA=Y W

Here not all the y; are zero (as already noted) and so ) _ yf-2 1S non-zero since otherwise by
equating the coefficient of the highest power in X to 0, we find that 0 is a sum of at most n
squares of elements of K, which is the third trivial case of the lemma. Thus ¢* # 0, which
proves (ii).

Finally ¢* = 1/¢ ), yfz giving {L* =), yr.z. Equating degrees, we get deg £+ deg
* = 2max; (deg y;) < 2 deg ¢ since deg y; < deg ¢ (for all i). Thus deg £* < deg ¢,
which proves (iii).

This completes the proof of Cassels’ lemma. O

Remark: The solution (¢*, n7, ..., n,) does not just come out of the blue. Itis the second
point of intersection Q of the quadric (a) with the line joining the points P = (£, 0y, ..., Na)
(on the quadric) and P’ = (1, Ay, ..., A,) (in space) in the n-dimensional projective space
over the field K (X). The simplest way to get this point Q is as follows: a general point of
the line PP’ is

OL +@,.0m +@ry,....00, + @Ay)

6 /¢ being a parameter for various points, ¢ = 0 giving the point P. To get Q we substitute
this general point in the quadric (a):

n
FO* 2 + 9> +20p7) = ) (6707 + ¢?A% + 200m1j)
j=1

ie. 02(C2f — X n?) +200(f¢ — X Ajnj) + @*(f — A% = 0. But¢?f = ¥onj

so this becomes 20¢(f{ — zljﬂj) + (pz(f — ZA%) = (. This has a root ¢ = 0 as
expected giving the point P. The other root is 8/¢ = —(3_ k? = )2 xjnj = ¢f),
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and substituting this in the general point and multiplying by a suitable factor (allowed in a
projective space) we get our point Q as required.
We now deduce a few corollaries from this lemma.

Corollary 1. Letchar K # 2!etf(X|,....X,,,) € K(Xy, ..., Xn) be asum of n squares
of elements of K(X\,...,Xn). Letay,az,...,am € K be such that f(ay,...,an) is
defined (i.e. the dominator is not 0). Then f(ay,..., am) is a sum of n squares in K.

Remark: The pointisthat although f (X1, ..., Xm)isdefined at (ay, ..., am), it may well
happen that the summands ff(Xl, ..., Xpm) of the right hand side of f(X,...,Xp,) =

f,2 + -+ )",,2 may not be defined at (ay, ..., an), but still according to the corollary,
f(ay,...,ay) is a sum of n squares in K.

Proof: We use induction on m. For m = 1, we have
f(X)=gX)/h(X) = y2(X) + - + y2(X).

Then gh = (ylh)2 + -4 (y,,h)z. Thus gh, which is in K[X], is a sum of n squares in
K (X) and so by Cassels’ lemma, it is a sum of n squares in K[X]:

gh=f2+--+ 2 (fj € K[X).

Hence g(X)/h(X) = (45172 + - + (4252)2. Now by hypothesis, f(a) = g(a)/ h(a)
is defined; i.e. h(a) # 0, so each f;(a)/h(a) is defined.

Letnowm > |. LetL = K(X,, ..., X n—1)- Assume the result for m — 1 variables and
let g(Xy,..., Xm)/h(X), ..., X;) be arational function which is a sum of n squares in
K(Xy,...,X;n). Regard g/ h as arational function of X,, belonging to L(X,,). So by the
casem = I, weseethatg(Xy,..., Xp—1.am)/h(X\, ..., Xm—1,an) is asum of n squares
inL = K(Xy,...,Xm-1). So by the induction hypothesis g(ay, ...,amn)/h(ay, ..., an)
is a sum of n squares in K. This completes the proof of the corollary. O

Corollary 2. Suppose n = 2™. Let G, be the set of all non-zero elements of K which are
sums of n squares in K. Then G, is a group under multiplication.

Proof: Let aff € G, say, « =af+---+a5,ﬁ = ﬁlz+—--+ﬁ,‘“:. Then a™! =n:r/me2 =
(ar]/ot)2 + -+ (ap/a)* € G, and it remains to prove thataf € G,. Consider the identity

(XF e - XN ook ¥EY = 78 e - 2

which exists sincen = 2™ Inthislet X| = a),..., X, = o, Y1 = B1,..., Yo — Bn.
Then the left side is well defined and equal to @8 and so by Corollary 1, the right side is a
sum of n squares of elements of K, i.e. af € G, as required. O

We see that it is the identity (5) that does the trick.
We can now prove the first part of Theorem 3: s(K) is always a power of 2.
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Proof of the first part of Theorem 3: Let
n=2" <s(K) <2 (%)

Thena?+---+a?+a? +---+a’+1=0(; € K).LetA=a’+---4+a?, B =
a§+1 +-- -+af+ 1. Here A, B are both non-zero, otherwise s(K) < s. Also A, B, both €

G, (by adding a suitable number of 0?'s to B if necessary). Then A+ B =0so A = —B
iie. —1 = B/A € G, since G, is a group i.e. —1 = c% + . +c,2, giving s(K) < n.
Comparing with (x), we get s(K) = n = 2™,

To prove the remaining parts of Theorems 3 and 5 we need to deduce some more
corollaries from Cassels’ lemma; see [4].

Corollary 3. Let char K # 2. A necessary and sufficient condition for X*> +d € K[X] to
be a sum of n squares in K(X) (and so in K[X] by Cassels’ lemma) is that either

(1) —1isasumofn — 1 squares in K or
(i) d is a sum of n — | squares in K.

Proof: If —1 = bf + -+ b2_, then for any polynomial f(X) € K[X], we have

n—1°
_ (£ -1y
r={Z)-(55)
(A1 (bi(f - D) b1 (f — 1))?
‘(2)+( 2 )*"'+( 2 )

In particular X2 + d is a sum of n squares.

If d is a sum of n — 1 squares then visibly X? + d is a sum of n squares in K[X].

For the converse, suppose X2 + d is a sum of n squares in K[X]. If (i) holds, well and
good; otherwise let X2 +d = p?(X) + - - -+ p2(X) say. Here we may suppose the p;(X)
to be linear poynomials in X for if not, then equating to 0 the coefficient of the highest
power of X gives (i). Then

X2 4+d=@X+b)*++ (@X + bn)? (%)

Now one of the equations C = *(a,C + b,) is always solvable in K. For if a, # 1 then
C = +(anC + b,) is solvable, while if a;, = 1 then C = —(a,C + b,) is solvable since
char K # 2. Now put X = C in (*):

C?2+d =@ C+b1)*+--+ (@n-1C + by_1)® + @, C + bp)*.

Cancelling C 2 with (a,C+b,)? we see thatd is a sum of n — 1 squares in K. This completes
the proof. O

Corollary 4. Let R be the field of real numbers. Then X f + -+ X2 isnota sum of n — 1
squares of elements in R(X1, ..., Xp).
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Proof: We use induction on n. For n = 1, the result is trivial. So suppose the result is
true forn — 1. Let K = R(X1,...,Xn-1),Xn = X andd = X;l" + -+ Xﬁ—r If
X?+.--+ X%isasumof n — 1 squares in K (X) = R(Xj, ..., X,), then by Corollary 3,
d = X?+ .-+ X2_, is a sum of n — 2 squares in K, since —1 is clearly not a sum of
n — 2 squares in K-indeed not a sum of squares at all in K, which is formally real. This
contradicts the induction hypothesis and completes the proof of Corollary 4. |

We are now in a position to complete the proofs of the remaining parts of Theorems 3
and 5.
Every power of 2 is the Stufe of some field K.

Proof: Letn = 2" andlet K = R(Xy, ..., Xp+1, Y)where X, ..., X4+ areindependent
transcendentals over R and Y satisfies the equation
Y2+ X} +--+X2,=0 (i)

We claim that s(K) = n = 2™. In any case by (i), s(K) < n + 1 and so is at most n since
n + 1 cannot be a power of 2 whereas s(K) is (except in the trivial case n = 1 i.e. m = 0).

If s(K) < n then there exist 1, ..., #, € K, not all zero such that
4. -+12=0 (ii)
Let L = R(X,,..., Xn4+1) so that K = L(Y). By (i), Y is algebraic over L of degree

2 and so each element of K is a linear polynomial in Y with coefficients from L. Write
ti=aj+Ybj,a;,bj € L. Then by (ii) we see that

Zﬂ%-{-Ysz} =)
Eajbj =0.

Here not all the a; are zero, otherwise Z b% = 0 and so each bj =0sincethebj € L =
R(X),..., Xp41) is formally real. Then each r; would be zero which is not true. Similarly
not all the b; are zero. Hence

and

n n
-Y? = Z a:‘:/ Z b? € G, (by the group property of G,)
j=1 j=1

= cf+---+cﬁ,sayc; €L,

ie. Xf o v N2 ; is a sum of n squares in L which contradicts Corollary 4. Thus s(K)

n+
is not less than n and so equals n. This completes the proof. a
Remark: The proof also works for Q(Xy, ..., Xu+1, Y).

Finally we prove the remaining part of Theorem 5.
Suppose n is not a power of 2. Then there is a field K such that there is no identity

X4+ XHY2 4+ YD) =24+ 22
with Zj € K(Xy, ..., X, Y1,.... Yn).
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Proof: Let 2"~! < n < 2™ Let K be a field having Stufe 2™ = v, say. Then
al+---+al+a’,  +---+al+1=0.LetA=a’+---+a?, B=a’  +---+al+1;
hence A, B € G, and if an identity of the above type exists, then G, is a group (see the
proof of Corollary 2). So —1 = B/A € G, ie. -1 =C¥+.--+ C? (C; € K) hence
s(K) < n < v. But K was chosen to have Stufe v. This gives a contradiction and so

completes the proof. O
Remark 1. In our examples of fields with high Stufe both the fields R(X;, ..., X,+1,Y)
and Q(X1, ..., X1, Y) are of high transcendence degree over R or Q as the case may be.
We have the following

Problem: Does high Stufe always imply high degree of transcendence? (over R or Q).
Let us now go back to the identity (4):
X34+ XD+ +YH =2} +---+ 2D

where the Z; are bilinear functions of the X; and the ¥; with coefficients in the field K.
There are three obvious ways of generalizing this identity (one of which we have already
looked at in theorem S). They are

a) Allow the Z to be the rational functions of the X; andthe Y; : Z; € K(X),..., X,,
Y1,...,Y,). Then, as we have seen in theorem 5, such identities can be found for
each powern = 2"(m =0, 1, ...) of 2 and for no other value of n.

b) Consider the (r, s, n) identity

(X2 4 oo b KR oo b ¥ = 2] oo 22 (6)

with Z; bilinear in the X; and the Y;, and determine, for given r, s the least value of n for
which (6) holds. We could, alternatively look for the maximum value of r, for given s and

n, for which (6) holds.
For general values of r, s, n, little is known about (6). However, for s = n, Hurwitz and

Radon gave a solution of (6) in 1922-3, for the field R of real numbers. Before giving the
exact statement of the Hurwitz-Radon theorem we make the following

Definition 2. We say the triple (7, 5, n) is admissible over K if (6) holds.

Thus (r, s, rs) is trivially admissible over any field K; so that what we want is the most
economical n for which (r, s, n) is admissible for a given pair r, s of integers. In view of
this we have the

Definition 3. Wedenoteby r*s (orrather r/s) the least n for which (r, s, n) isadmissible/ K.
We have the trivial bounds.
max(r,s) <r*s<rs

It is not easy to determine r*s, even for small values or r, s.
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Alternatively, as already said above, we could ask, for given s, n the maximum value of
r for which (r, s, n) is admissible/K. This is the approach adopted by Hurtwitz and Radon
in their treatment of (6) for the field R of real numbers. Simultaneously, Hurwitz solved
(6), in this special case, for the field C of complex numbers, published posthumously in
1923. Various authors have since dealt with other fields.

As illustrations of definitions 2 and 3, we have the following:

Examples:

(i) (n,n,n) is admissible over R, indeed over any field K,char K # 2,iff n =

1,2,4, 8. Thus is Hurwitz’s theorem (Theorem 4).

(i) (1, n, n), and indeed (r, s, rs), is admissible for all n, r, s over any field K.

(iii) If charK = 2, then rxgs = 1 for all r, s for then a + b* = (a + b)>.

(iv) 8 x8 = 8 formax(8,8) < 8x8 < 8. Similarly4*4 =4and 2 %2 = 2.

(v) The 16-square problem: Before Hurwitz, studies about the (r, s, n)-identites (6)
were exclusively restricted to the polynomial ring Z[ X, ..., X,, Y1,..., Y;] over
Z. One then speaks of the (r, s, n)z-identities. It has recently been confirmed that
16 xz 16 = 32, thereby completing the solution of the so-called 16-square problem
in the integer coefficient (case see [16]). However, the integer v = 16 *g 16 is not
known to date. Various methods developed by K.Y. Lam and J. Adem narrow down
the range of v to 23 < v < 32. The values 23, 24 were subsequently ruled out by
Lam and Yuzvinski. By going more deeply into the geometry of sums of square
formulae and using sophisticated algebraic topology, it has now been established
by Lam and Yiu that 29 < v < 32.

It is trivial to see that v < 32; indeed
16 16 8 16 8 16
2 2 2 2 2 2
(26)(29) - (Da+26) (2 +1n)
1 1 1 9 1 9

which is a sum of 32 squares, using the 8-square identity four times.

(vi) Amongst small values of r, s, n, even (10, 11, 25) is not known to be admissible or
otherwise.

Definition 4. For any positive integer n, define the so-called Radon function p(n) as
follows:
Write n = 2™ - u(u odd); then

2m + 1

2m

p(n) = according as m = (modulo 4).

0
1
2
2m + 2 3
Equivalently write m = 4a + b,0 < b < 3; then
p(n) =8a+ 2%,

We now have the following
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Theorem B (Radon, Hurwitz-1922, 1923). The triple (r,n. n) is admissible over the
field of real numbets (indeed over any field K, char K # 2) iff r < p(n).

For a proof see [13]), p 127 or [14].
ey Instead of a “product formula™ (4) for the form Xf RREE t X2, ook for such a formula

nt
for mofe genefal quadratic forms ¢(X,. . . X,). i.e. determine other quadratic forms
alXy. . X, if any. for which
f’["‘i ..... x;,].fﬂrl.. .Yu)"(ﬂff.....z,,) (7)
where & & KiX s on Kiga Xin wes o V)

Examples: (D 1fg(X). X3) = Xf + u,\fg(n € K). then we have the curious identity (cf.
identity (1))

(X? 4 aX)(¥] +a¥]) = (X +aXa¥)? +a(X\Y2 —aXa))2
(ii) Tn 4 variables, we have the striking identity (cf. identity(2))
(X] 4+ aX] +bX3 +baXD(Y] +aY] + bY] + baY})
= (X1¥Y1 +aXaYs+ bX ¥y + abXaYy)?
+a(=X Y2+ X3V, -bX Yy 4+ I}X4Y3)2
+ (=X 1 Va4 XaV) +aXaVy —aXy l'glz
+ab(—=X ¥y + Xa¥| — DXy 4 hXAY))?
Phister has given a complete solution of (¢). He shows that for every power n = 2" of 2.
there is this fori in n variables generalizing the forms X f +aX ‘5‘ and Xf +-a X:,Z_ +bX§ +ab Xj}
hy an obvious induetion, which satisfies a product identity  These are the so called Pfister

forms  Further there dare no other forms that satisty a product formula (7). For a proof of
these fesults see [10], [11]. [13].

In the identity (5), we have proved that the 7y may be chosen hinear functions of the ¥;
with coetfivients in K(X . ... X,)

L,
m;jﬁpnmmmexuhﬂwﬂ
=1

For o= 2 4 and 8 thexe Ty, are lincar in the X, as well. It is natural to enquire how
ample we van take the 7y, as tuactions of the X, By theorem 4. they can not all be taken
linear m the L nor ideed polynonnals, by Frank Adam’s theorem so that some of them
at leas have 0 hane a denonunaton bat can we make at least some of them hinear forms in

ihe N0
Fetun Bt xee what we can Jo with e tinst tovm 7 and prove the following

Thearem & Lein = 2" and let X, Xr hyL Y, € K. Then
(X £ X4+ P =it o+ X + 234 4+ 22

por yovee 3. ... &y ¢ K
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We first prove: Letn = 2™ and let ¢ = ¢ + --- + ¢ (c; € K). Then there exists an
n x n matrix S with first row (c1, ..., ¢,) such that S§' = §'S = cl,.

Proof: First let ¢ = 0. If all the c; = 0, we take S to be the zero matrix.
So suppose, say, c; # 0. Let R be the row vector (cy, ..., cy) and take § = cl_lR'R.
which has first row R as required. Further

SS' = ¢;'R'Rc;'R'R
= ¢*R'(RR)R
= 0,

since RR' = ¢? + -+ + c2 = ¢ = 0. Similarly §'S = 0 and the proof is complete. So we
may now suppose that ¢ # 0 and we proceed by induction on m.
Write

£=(cl!---|c2’") = (cli---aczm—l.czlﬂ—l+ll-°-vc2m)
= (ﬁltﬁz)‘

Leta=c} +---+C§,,,_..b =C§m-l+| +---+c§....sothatc =a + b. Here since ¢ # 0,
so a, b cannot be both zero; say, without loss of generality, that a # 0. By the induction
hypothesis, there exist square matrices S, S; of size 2m=1 guch that

518] = 8151 = alym-1
SzSé = SéSz = blym-1.

Furthermore the first row of §j is (cy, ..., ¢ym-1) and that of S is (com-1,44, ..., c7'). Now

let
§is S $2
—-a~'s|5581 81 )"

This has first row equal to R as required and an easy matrix computation gives S§' = §’'S =

cly, e.g.
s’ = S 2\ (S, —a'S|$:8
— \-a7l'sisys s )\ S S

alm-1 + blm-1 —a'a$ 51 + 55,
—a~'S|Syalyn-1 + S|S; a~28]85,515]5251 + S5y

_ Clzm—l 0 _
- ( 0 brz..._1+a12,.-1)‘dz""

Proof of Theorem 6: Write
X = X+ +X?
Y = Y2+4.---47Y2
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Then there exist n x n matrices U, V such that UU’' = U'U = X1I,,VV' = V'V =YI,
and

U has Istrow = (X1,..., X»),

~V has Istrow = (Y1, ..., Y,).
Then
XYIl, = XvV' =VU'U)V' = (VU'(VU') =VU'U)V' = WW,
where W = VU'. :
This equation says that if (Zy, ..., Z,) is the first row of W, then XY = Z2 + ... + Z2.
Butsince W = VU',wehave Z; = X\Y1 +--- + X, Y. (]

Theorem 6 enables us to give another proof of the important group property of the set.
Gn={a€ K*la=0a?+---+0a2,a; € K), when n = 2™, a power of 2 (see corollary 2
after cassels’ lemma). For, theorem 6 implies closure of G, under multiplication while as
before a~! € G, whenevera € G,.

Going back to our enquiry about how simple we can take the Z; as functions of the X;,
we now state the following striking result of Shapiro:

Theorem 7 (Shapiro-1978). Letn = 2™ and let K be any field. In the n-square identity (5)
X34+ XY+ + Y =2+ + 22 (*)

with Z¥ linear in the Y; with coefficient in K(X\, ..., Xp), the firstr terms Z,, ..., Z, of
the right side of (5) can also be taken linear in the X; iff r < p(n), the Radon function!

For a proof of this result, see [13], page 183.

Incidentally, we note that in (*) above we can easily arrange a formula where 8 of the
Z, are bilinear (when n > 8). To do this start with the known (8, 8, 8) bilinear identity
and apply the “doubling” process given in Pfister’s theorem 5. Indeed write the 8-square
identity twice over, once for the variables X, ..., Xg; Y1,...,Ys; Z;,..., Zg and once
for Xg, ...,X16; Yg, R Y]ﬁ; Zg....,Z|6. Thus

VA (Xl -X; —X3 X4 —-Xs —X¢ —X7 —Xg
Z3 _ X2 X X4 X3 —Xe¢ Xs X3 -X7
Zs \Xs Xy X X5 X X3 X3 —Xi

(N

Y,

\Ys



348 A.R. Rajwade

and
Z9 ( Xo —Xio —Xn —-Xi2 -Xi3 -Xu —-Xi5 —Xi6
Zio _ | X0 Xo X Xnu -Xu X X —Xis
2-16 \Xis Xis —Xiu —Xin X2 Xn —Xio Xo
Yo
Yio
k35’16

(simply read off the identity (3)); say Z, = §,Y, and Z, = S;Y, for short. Then

.Z.] - Si $2 Z]
z,) - \s, -st's's,) \v

by Pfister’s Theorem 5. We see that Z), Z>, ..., Zg are bilinear in the X; and the Y;
as claimed. The process can be repeated for 32, 64, ..., variables; the 8 bilinear terms
will persist.

But of course even for n = 16, Theorem 7 is stronger than the above method as it gives
us nine fully bilinear terms.

This problem was posed by Baeza and solved by Shapiro in a letter to Baeza in 1976.

Pfister has other very interesting results about Hilbert’s 17th problem in the function
fields R (X, Y) and more generally in R(X|, X2, ..., X,). We refer our readers again to
[13], [9].
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